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^»^ ' Abstract. S.T.Yau posed a conjecture that the number of critical points of the k- 

r\l ' th eigenfunction on a compact Riemannian manifold (strictly) increases with k. As 

5_^ , a counterexample, Jakobson and Nadirashvili constructed a metric on 2-torus such 

that the eigenvalues tend to infinity whereas the number of critical points remains a 
constant. The present paper finds several interesting eigenfunctions on the minimal 
Qs , isoparametric hypersurface M" of FKM-type in S"^^(l), giving a series of counterex- 

amples to Yau conjecture. More precisely, the three eigenfunctions on M^ correspond 
to eigenvalues n, 2n and 3n, while their critical sets consist of 8 points, a submanifold 
and 8 points, respectively. On one of its focal submanifolds, a similar phenomenon 
occurs. However, it is possible that Yau conjecture holds true for a generic metric. 



C^ 



o 



1. Introduction 

Eigenvalues of Laplacian are very important intrinsic invariants, which reflect the 

^ . geometry of manifolds very precisely. Unfortunately, there are few manifolds whose 

QQ . eigenvalues are clearly known, not to mention the eigenfunctions. The numbers of 

C^ , critical points of eigenfunctions are even more difficult to determine. However, as 

S.T.Yau pointed out, this number is closely related to many important questions, which 

Q ! makes it worthy of being studied extensively. In this regard, S.T.Yau [Yau] posed a 

^^ \ conjecture that the number of critical points of the fc-th eigenfunction on a compact 

Riemannian manifold (strictly) increases with k. 



X 



As a counterexample, Jakobson and Nadirashvili [JN] constructed a metric on a 



;h ■ 2-dimensional torus and a sequence of eigenfunctions such that the corresponding eigen- 

C^ ■ 
- - values go to infinity while the number of critical points remains bounded, a constant in 

fact. But in some senses, their example is not a virtual denial to Yau conjecture, since 

one might expect that Yau conjecture still hold true in the sense of "non-decreasing". 

In the present paper, by taking advantage of a natural concept — isoparametric hy- 
persurface, we find an isoparametric function, which is an eigenfunction on the minimal 
isoparametric hypersurface M" of FKM-type in 5"'''^(1). Combining with the other 
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two well-known eigenfunctions, it constitutes a series of counterexamples of Yau con- 
jecture in a strict sense. Similarly, another isoparametric function (an eigenfunction in 
fact) expressed in the same form arises in one of the focal submanifolds of M" men- 
tioned before. This gives rise to another series of counterexamples of Yau conjecture. 
However, our metric is quite special, it is possible that Yau conjecture holds true for a 
generic metric. As is well known, K. Uhlenbeck has shown in 1976 that on a compact 
Riemannian manifold, when the metric is generic, the eigenvalues of the Laplacian are 
simple and the associated eigenfunctions are Morse functions. 

One of the main results of the present paper is the following: 

Theorem 1.1. Let Af" be the minimal isoparam,etric hypersurface of FKM-type in 
the unit sphere 5""^^(1). Then there exist three eigenfunctions ipi, ip2 o^nd ip^ defined 
on M", corresponding to eigenvalues n, 2n and 3n, whose critical sets consist of 8 
points, a submanifold and 8 points, respectively. For specific, ipi and ip^ are both Morse 
functions; ip2 is an isoparametric function on M^, whose critical set C(c^2) is: 

(1) C{ip2) = N+UN^, dimiV+ = dimiV_ = n-m (1 < m < n), 

where the number m will be introduced in the definition of FKM-type. 

Remark 1.1. The Morse number (the minimal number of critical points of all Morse 
functions) of a compact isoparametric hypersurface in the unit sphere is equal to 2g 
{cf [CR]). 

Firstly, to clarify notations, we denote the Laplacian on an n-dimensional compact 
manifold M" by A/ = divV/, and say A^ its k-th eigenvalue with multiplicity (Aq = 
< Ai < A2 < ...) if A/fc + Afc/fc = for some fk : M"- — )• M. Correspondingly, /^ is 
called the k-th eigenfunction. The present paper is mainly concerned with the number 
of critical points of the eigenfunction fk- 

Recall that a hypersurface M" in a Riemannian manifold M^~^^ is isoparametric if 
it is a level hypersurface of an isoparametric function / on M"+^, that is, a non-constant 
smooth function / : M^^^ — t- M satisfying: 

(2) I |V/P = K/) 

\ A/ =a(J) 

where b and a are smooth and continuous functions on M, respectively. 

In this meaning, the focal varieties are the preimages of the global maximum and 
minimum values of /, which we denote by M_|_ and M_, respectively. They are in fact 
both minimal submanifolds of M""*"^ with codimensions m-|_ + 1 and m_ + 1 in M""*"^, 
respectively (c/. [WaS] . [SH]). 

As asserted by Elie Cartan, an isoparametric hypersurface in the unit sphere is 
indeed a hypersurface with constant principal curvatures. An elegant result of Miinzner 
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states that the number g of distinct principal curvatures must be 1, 2, 3, 4 or 6. Up to 
now, the isoparametric hypersurfaces with g = 1,2,3,6 are completely classified (c/. 
[DN] and |Miy| ) . For isoparametric hypersurfaces with 51 = 4, Cecil-Chi- Jensen ( [CCJ| ). 
Immervoll ( [Imm] ) and Chi ( [Chi] ) proved a far reaching result that they are just of 
FKM-type except the cases (m+,m_) = (2,2), (4,5) and (7,8). 

From now on, we are specifically concerned with the isoparametric hypersur- 
faces of FKM-type /^"^^(l) with four distinct principal curvatures. For a symmet- 
ric Clifford system {Pq, ...^P^^ on M^ , i.e., Pj's are symmetric matrices satisfying 
PiPj + PjPi = 2(5ij/2/, the FKM-type isoparametric hypersurfaces are level hypersur- 
faces of / := F\g2i-i with F defined by Ferus, Karcher and Miinzner (cf. |FKMj ) : 

t>2l , TQ) 



(3) 



F : 

F{x) -- 



2j2{Pax,xy^ 



0=0 



The pairs {m^,m^) of the FKM-type are {m, l — m—1), provided m > and l — m—1 > 
0, where I = k5{m) {k = 1,2,3, ...), 5{m) is the dimension of an irreducible module of 
the Clifford algebra Cm-i, which we list below: 



m 


1 


2 


3 


4 


5 


6 


7 


8 


••• m+8 


5{m) 


1 
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4 
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8 


8 


8 


165(m) 



We now fix M" to be the minimal isoparametric hypersurface of FKM-type in 
^"^^(l), and / to be / := F\g2i-i with F defined in ^. Choosing a point qi E 
5"+^(l)\{M+,M_,M"}, we define three eigenfunctions 991, ip2 (following [Sol] ) and v^a 
as follows: 

c^i : M" ^ M, 992 : M" ^ R 993 : M" ^ M 

(4) XI— 7'(x,gi), x^^{Px,x) X I— )• (^(x), (71) 

where ^ is a unit normal vector field on M"; P G S := S(Po) •■•j-fm)) the unit sphere 
in Span{PQ,...,Pm}, which is called the Clifford sphere {cf. |FKM] ). 

Remark 1.2. The authors proved recently that the first eigenvalue of the closed mini- 
mal isoparametric hypersurface M" in ^"^^(l) is just n {cf. |T Yj ) . As a corollary, the 
coordinate function restricted on M" is the first eigenfunction. The function (/?i above 
is a special case. 

With all the preconditions, a direct verification reveals that the eigenvalues corre- 
sponding to 991, 992 and 993 are n, 2n and 3n, respectively. Moreover, with our choice 
of qi € S'"^^(1)\{M+, M_, M"}, a simple application of isoparametric geometry shows 
that ipi and y?3 are both Morse functions with 2g = S critical points. The more fasci- 
nating result is that (^2 is indeed an isoparametric function on M", thus by virtue of 
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|Wanj . the critical set of 992 are just the union of its focal submanifolds A^^ and N^. 
For the proof of Theorem II. H we need the following lemma, in which we also show an 
interesting phenomenon occurring in the improper case (c/. |GT2| ): 

Lemma 1.1. For focal submanifolds N^ and N^ of ip2 on M", we have diffeomor- 
phisms: 

N+ ^ N_ ^ M+ = {xe 5"+^(l) I {Pox,x) = {Pix,x) =■■■ = (P„x,x)}. 
diff. diff. 

Particularly, in the improper case, i.e. m = 1, each level (isoparametric) hypersurface 
of ip2 is minimal. 

As we stated before, another series of counterexamples of Yau conjecture appear 
on the focal submanifold M_ := /^^(— 1) with dimension I + m — 1. In a similar way, 
we define two eigenfunctions wi, uj2 on M_: 

cji : M_ ^ M a;2 : M_ -> M 

(5) x>-^{Px,x) XI— )-(x,g2); 

where P G S = S(Po,-Pi, •••,-Pm), 92 G 5"+i(l)\{M+,M_}. Correspondingly, we have 
the following theorem: 

Theorem 1.2. Let M_ := /~"^(— 1) be the focal submanifold of FKM-type in the unit 
sphere S^^^{1). Then there exist two eigenfunctions loi and i02 defined on M_, corre- 
sponding to eigenvalues Am and I + m — 1, whose critical sets consist of a submanifold 
and 4 points, respectively. For specific, UJ2 is a Morse function; oji is an isoparametric 
function on M_, whose critical set C{uji) is: 

(6) C(cji) = F+uy_, dimy+ = dimy_ = /-l. 

Remark 1.3. The Morse number of each focal submanifold of a compact isoparametric 
hypersurface in the unit sphere is equal to g {cf. [CRj). 

For the proof of Theorem 11.21 we need the following: 
Lemma 1.2. For focal submanifolds V+ and V- of uji on M_, we have isometrics: 



Particularly, in the improper case, i.e. m= 1, each level (isoparametric ) hypersurface 
of uji is minimal. 

Comparing with the values of 6{m) in the previous table, we observe that 4m < 
I + m — 1 at most cases. More precisely, 4?7i < I + m — 1 as long as /c > 5 and m, < 9; 
4m < I + m — 1 holds true for any k when m > 10. Therefore, with an appropriate 
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choice of k, we can always make eigenfunctions cji and UJ2 another counterexample of 
Yau conjecture. 

Bearing these examples in mind, we would like to pose the following: 

Conjecture: For a generic metric on a compact manifold M, the number of critical 
points of the first eigenfunction ( must be a Morse function, according to Uhlenbeck ) 
is equal to the Morse number of Ml 

2. COUNTEREXAMPLES ON M"' 

This section will be committed to proving Theorem 11.11 on the minimal isopara- 
metric hypersurface M" of FKM-type in S^^^{1). At first, we denote the connections 
and Laplacians on M", S^^^{1) and R""*"^ respectively by: 

M" C 5"+i(l) C M"+2 
V A, VA, V A. 

In order to facilitate the description, we state the following lemma in front of the 
proof of Theorem 11.11 

Lemma 2.1. Let ^ be a unit vector field on 5'""''^(1) extended from a normal unit vector 
field of M^, H be the mean curvature vector field of M'^. For functions Q on R'^"'"^, 
G = ^l^n+i and g = G\m^, at any x £ S'"'*'^(l) ( as a position vector field ) we have: 

,^. { Ag|5„+i = AG + nx{g) + xx{g) 

\ AGIm" =A<7-e(G')(F,0+CC(G)-Vge(G) 

Proof of Theorem \l.li We take the first step by determining the eigenvalues corre- 
sponding to ifi {i = 1, 2, 3). Clearly, based on Lemma [2m a direct calculation depending 
on the minimality of M" leads to 

(8) A(/3i = -nipi. 

Besides, in conjunction with Codazzi equation, we get another straightforward result: 

(9) A(/?3 = -\B\'^ip^ = -{g - l)nv33 = -3nc/?3, 

where B is the second fundamental form of M", and the second " = " in ([9]) is an 
assertion of |PT| . According to Solomon [Solj . the eigenvalue corresponding to (/72 is 
equal to 2n. As a matter of fact, this conclusion can also be derived from a few basic 
facts and Lemma 12.11 — some formulas in this process will be useful later: 

It is well known that there exists a unique cq with — 1 < cq < 1 such that the 
minimal isoparametric hypersurface M^ (of FKM-type) is given by M" = /"""^(cq) . 
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We can choose the unit normal vector field to be 

^ V/ I VF - AFx . 

|V/| ' 4^/r^F^ ' 

Extending ^ along the normal geodesies such that V^^ = 0, it follows that 



— VF — 4Fx / 1 + f 

(10) i{ip2) = (e, V992) = (^-^===, 2Px - 2<^2x) = -2 J Y^y'^^, 

and thus 

ce(¥'2) = (e,vc('^2)) = -4932. 

Here, we extended ip2 to ^"^^(l) and M"^^ in a natural way. Then combining with ^ 
and H = 0, we arrive at 

(11) Aip2 = -2nip2- 

Next, we aim to investigate the critical sets of (/9j (i = 1, 2, 3). Let ei, 62, ..., e^ be 
an orthonormal tangent frame field on M" with A^Ci = fiiCi {i = 1,2, ...,n), where A^ 
is the shape operator. According to Miinzner, the principal curvature fn G {cot 0j = 
cot(^i + i^7r) I O<0i<f, J = 1,2,3,4}. 

(i) For each ej G TxM'^, we have 

(12) (Vv9i,ei) = ei(x,Q'i) = (ei,Q'i). 

It follows that X is a critical point of ipi if and only if qi £ Span{x,^{x)}. In other 

words, qi lies on some normal geodesic v{t) (— vr < t < vr) with v{0) = x, f'(0) = C(x). 

Therefore the number of critical points of (pi is 

27r 
HC(<^i) = ^ = 25 = 8. 

Here, we used the known fact that the distance between two focal submanifolds is equal 
to vr/gf (c/. |CR| ) . Furthermore, recall the formula of Hessian: 

Hess{ipi)ij = {ei,Ve^Vipi). 

Restricted to a critical point x, using (fT2]) we express it as 

(13) Hess{ipi)\x = -diag{ {fiiC-x,qi), {^12^ - x,qi), ..., {^J-nC - x,qi) }. 
Writing qi = cost x + sint ^ (— vr < t < vr) for a fixed x, a direct calculation leads to 

{fii^ — X , qi) = <^ sint(cot 6*4 — cot t) = 

<^ giGM+UM_UM". 

From the assumption qi £ S'"'^"'^(l)\{Af-|_,M__, M"}, we derive that ipi is a Morse 
function, as desired. 
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(ii) Similarly, for each Cj G T^M^, we have 

{Vip3, Ci) = ei{i, qi) = -{A^et, qi) = -{mei, qi). 

Since //j G {coiOj = cot(6'i + ^-^tt) | < 0i < ^, j = 1,2,3,4}, it is easy to see 
that ;^j / Vi Thus x is a critical point of 1^93 if and only if qi G Span{x,^{x)}. 

Analogously, 

27r 
SC(<^3) = ^ = 2<7 = 8. 

Furthermore, Hess{(p3) at a critical point x can be expressed as 

(14) Hess{ip3)\x = -diag{ fiiimC - x,qi), fi2{l^2^ - x,qi), ..., finifJ-nC - x,qi) }. 
Again, our choice of qi guarantees that ips is a Morse function. 

(iii) From the formula (jlOp . we derive that 

(15) \/ip2 = y^2- X{ip2)x-^{ip2)^ 



= 2{Px-ip2X + ^2j^^^O- 

V 1 - Co 
Immediately, a simple calculation shows that ip2 satisfies 

(16) hv^2\'= 4(1-^^1) 

I Aif2 = -2nv?2- 

By definition, {p2 is an isoparametric function on M". Define the focal submanifolds 
by N± := {x G M" I c/?2 = =b-v/^^}. Therefore the critical set of ip2 is the union of 
its focal submanifolds: 

C{ip2) = iv+uiv_. 

We are now in a position to complete the proof of Theorem 1 1.1 1 bv verifying Lemma 

Proof of Lemma \l.li As indicated before, the focal submanifold M+ of FKM-type 
is 

M+ := f-\+l) = {x G 5"+Hl) I (^ox,x) = (Pix,x) = ••• = {P^x,x) = 0}. 

Define a map: 

/i+ : M+ ^ 5"+^(l) 

X I— 7- COS t X + sin t Px 



where cosi = -1/5(1 + \r-^), sini = a/^(1 — \l^-^)- It is easy to show that 



{Ph+{x),h^{x)) = \l^^, I.e. h+{x) G N+. 
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Thus the image of /i+ is contained in N-^-. On the other hand, define another map: 

j+ ■.N+^M+ 

X I—)- cos t X + sin t S,{x) 

with the same values of cost and sint, and ^ = -^r,- Evidently, j+ is well defined and 
is just the inverse function of /i+. This means that the focal submanifold A'^+ of ip2 on 
M" is diffeomorphic to the focal submanifold M4. of / on 5'"'*"^(1). 

We conclude the proof by investigating the mean curvatures of the level hypersur- 
faces Nt := V'2' (0' ^ ^ (~\/ ~T^^ v ~^)- Following the formula of the mean curvature 
h{t) [cf. [GT2]), we have: 

(17) hit) = M^Mt) ^ "-T^ , 

V 1-CO 

Obviously, the isoparametric hypersurface A'^o = v'2^ (0) is minimal in M". In addition, 
the minimality of M" implies: 

rri- — 77i_|_ I — 2m — 1 
Co = : = j — --. , n = 2/-2, 

then we obtain that 

4 

n = 4^ m = 1 ( the improper case (cf. [GT2])). 

1 -Co 

In conclusion, in the improper case, all the level hypersurfaces of 992 are minimal! 
The same argument applies to N^ with a little change of the values: 





cost = v -(1 + W — z — ), smt 



D 
The proof of Theorem 11.11 is now complete! 

3. COUNTEREXAMPLES ON M_ 

Proof of Theorem \1.2l Implementing the previous arguments in Section 2, it is 
not difficult to find that uj2 on M_ is an eigenfunction corresponding to the eigenvalue 
dimM_ = I + m — 1, and the number of its critical points is g;^- = g = A [cf. [CRj ) . 
Therefore, in order to complete the proof of Theorem II .21 we need only to confirm that 
oji is an isoparametric function on M_ and prove Lemma ll.2[ 

Firstly, noticing the Euclidean gradient VoJi can be expressed by 
Vwi = 2Px = 2{Px, x)x + 2 (Px - {Px, x)x) , 
we claim that 
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Claim: y := Px — {Px,x)x S T^M^. 

Holding tliis claim, it follows that Vwi = 2y = 2{Px — {Px,x)x). Then a simple 
calculation leads to 

(18) f|V..P = 4(l-.f) 

I Auji = —Amcoi, 

where the second equality is due to Solomon [Sol ] . Namely, uji is an isoparametric 
function on M_. Define the focal submanifolds of uJi by V± := {x £ M_ | cji = ±1}- 
Then the critical set of uji is 

C7(wi) = V+UV-. 



Now we are left to prove the previous Claim and Lemma 11.2 
Proof of Claim. Firstly, we rewrite the focal submanifold 



M_ := {x G 5"+Hl) I E(^a^,x>' = 1} 



0=0 

as 



M_ = {x£ 5"+^(l) I X = ^(P„2;,2;)P«x} 



a=0 



Define P := > {PaX,x)Pa, then for each x € M_ we have 



0=0 

(19) P G S and Vx = x. 

Since V is an orthogonal symmetric matrix with vanishing trace, we can decompose 

M^^ as 

With respect to this decomposition, 2y E M^' can be written as 

2y = {y + Vy) + {y-Vy). 

m m 

Denoting P = > a/3-P^ with > Oo = 1, we have 

13=0 l3=0 

y + Vy = Px — {Px,x)x + VPx — {Px,x)Vx 
= PVx + VPx-2{Px,x)x 

mm m m 

= ^^aiiPj3i^^{PaX,x)Pax\ + ^(PqX, x)Pq, f ^ O/jP^xj -2{Px,x)x 

/3=0 0=0 0=0 /3=0 

m m 

= 2 y^ aa{PaX, a;)x - 2 y^ apiP/BX, x)x 

0=0 ^=0 

= 0, 
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which leaves 2y = y — Vy, i.e. y £ E^{V). 

On the other hand, setting y = Px — {Px, x)x = Qx, where 

Q ■.= P-{Px,x)V G Span{Po,Pi,...,Pm}, 

it is easy to find that 

{Q,r) = o. 

Comparing with (c/. [FKM] ) 

T^M^ = {v£ E^iV) I {i^,Qx) = 0, y{Q,V) = 0}, 

we get immediately the Claim. D 

Now we are in a position to prove Lemma 11.21 
Proof of Lemma \1.2[ . Under an orthogonal transformation, we can express P as 

P = T^ I ' ° 1 r, with T^T = hi. 
\0 -Ii J ' 

Write Tx = {z,w) G M' x M' for x G 5""'"^(1). The condition {Px,x) = 1 is equivalent 
to 

|z|2-|t(;|2 = 1, 

which implies |zp = l, |i(;p = 0. On the other hand, we observe that 

V+ := {xG M_ I {Px,x) = 1} 

= {xeS^^-^ I {Px,x) = 1}. 



Thus we get an isometry 

Similarly, 

Therefore, 



isom. 



isom. 



dimV+ = diml/_ =1 — 1. 
Now the proof of Theorem 11.21 is complete! 
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